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Note: the version of this document of September 11 was written on an evening when I had accidently left Lawrence Armstrong’s thesis at the laboratory.  So I did not realize that the velocities documented in the thesis were surface velocities, not depth-averaged velocities.  When the analysis is adjusted for this, the agreement with data is excellent even in the absence of measurable slip at the bed.

1.  Equilibrium laminar flow in an infinitely wide open channel without and with slip at the bed
Consider steady, uniform laminar flow in a wide channel with depth h and bed slope S.  Elevation above the bed is denoted as z, local streamwise velocity is u(z) and local shear stress is ((z).  Shear stress is related to flow velocity gradient according to the Newtonian relation;
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where ( denotes fluid density and ( denotes fluid kinematic viscosity.  For this case streamwise momentum balance reduces (from the Navier-Stokes equations) to the form
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where g denotes the acceleration of gravity.

Equation (2) can be integrated under the condition of vanishing shear stress at the water surface, z = h, to yield the following linear shear stress distribution;
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(3a,b)

Combining (1) and (3a), it is found that
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(4)
Equation (4) may be integrated subject to the boundary condition
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(5)

where us denotes a slip velocity at the bed.  In the case of a channel with a fixed bed us can be set equal to zero.  If the bed is mobile, however, us may take a finite value.  

Integrating (4) with the aid of (5), it is found that
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The maximum velocity um at the water surface (z = h) is given from (6) as
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The depth-averaged velocity 
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 is defined as 
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Between (6a) and (7) it is found that
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It is useful to express the slip velocity as a fraction of the mean velocity, so that
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where ( vanishes in the case of no slip, and is positive in the case of slip (perhaps induced by a layer of sediment transport at the bed).  Between (7), (9) and (9),
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(11)

Between (9) and (10) the following friction relations are obtained;
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In the above relations, Re denotes the Reynolds number of the flow, which is here assumed to be less than 500 in order to insure laminar flow.


In order to relate the above relations to more familiar forms in fluid mechanics texts, it is useful to note that in the case of vanishing slip (( = 0) relations (10a,b,c) can be rewritten in terms of a D’arcy-Weisbach friction coefficient f such that
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2.  Application to mobile-bed equilibrium flow in a wide channel
The channel now has width W and flow discharge Q.  In order to neglect side region effects, it is assumed that the chanel is sufficiently wide, i.e.
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Flow momentum balance (3b) and mass balance require that
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Reducing (12) with the aid of (15) and reducing, it is found that
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(16)
where here Ar is defined as the dimensionless Armstrong number. Assuming the conditions for laminar flow in an open channel are satisfied in the absence of bed slip or other influences, substituting a value of ( of 3 results in the relation
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Since in the thesis surface velocities um are specified instead of 
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, it is useful to define a surface Armstrong number (associated with maximum velocity) Arm; with (11),
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(18)

In the absence of bed slip (( = 0) or other influences, the theoretical value of Arm is found to be
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There are three reasons why the channels of the doctoral thesis of Lawrence Armstrong might not satisfy the above condition.  The first of these might be slip at the bed due to a moving layer of particles.  The second of these is surface tension, which can be characterized in terms of a Weber number We defined as
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where ( denotes the surface tension.  Equation (30) can be reduced with (15b) to the form
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Since the velocities available from Armstrong’s thesis are surface (maximum) velocities, the associated Weber number Wem, defined as
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is used here.  The third of these is the effect of sidewall resistance, which should be dependent upon the ratio of depth to width h/W.
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To test the effect of bed slip and surface tension, the data of Armstrong are plotted in terms of Arm versus Wem.  If there is slip at the bed, the observed relation will deviate from (19), but in a manner that is independent of Wem.  If there is also an effect of surface tension, Arm will vary with Wem.
A plot of Arm versus Wem is given above.  It is immediately seen that there is practically no dependence on the Weber number.  The average value of Arm from the data is 1.23, whereas the theoretical value with no slip at the bed is 1.04.  It is possible that this small difference (about 18%) could be a Weber effect, because the larger the value of Wem (i.e. the less important surface tension is, as ( occurs in the denominator of Wem), the more closely the observed values of Arm approach the theoretical value of 1.04
In principle the predicted value could be brought up to 1.23 by setting the slip factor ( = 0.74 (bed velocity equals 74% of average velocity).  In point of fact, however, the value of Arm predicted with (18) varies only weakly with (.  It seems more sensible to assume that the difference between the measured and predicted values of Arm is not due to slip.

The final possibility consists of sidewall (bank) effects.  With this in mind, Arm is plotted against h/W in the diagram below, assuming no slip (( = 0).  The data do show a weak dependence of Arm on h/W.  For values of h/W less than 0.02, however, the effect becomes difficult to distinguish.  Interestingly, the rather slight deviation from the theoretical value of 1.04 is largest for the smallest values of h/W, precisely the range for which sidewall (bank) effects would be expected to be negligible.
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In summary, the experiments of Armstrong agree with a viscous theory to within an average of about 18% of deviation.  This deviation is not likely due to sidewall effects, as the deviation is largest for channels with the smallest values of h/W.  The slight deviation of 18% may be due to a) systematic error in the data, b) at least some slip at the bed, although a value of ( of 0.15 raises the theoretical value of Arm from 1.040 to only 1.046, and c) a very weak effect of surface tension.
�


Plot of Armstrong number Arm versus Weber number Wem.
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Plot of Armstrong number Arm versus depth-width ratio (h/W).
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