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Abstract 

How does a mountain river adjust to accommodate repeated flood hydrographs? Do flood 
hydrographs cause major cycles of aggradation and degradation of the river bed? Here flume 
experiments are used to explore this problem. The response of a gravel-bed river to repeated 
floods is modeled in the simplest possible way. Gravel size is held uniform, the flume is operated 
in sediment-feed mode, and the gravel feed rate is held constant. The flow discharge, on the 
other hand, is specified in terms of the repetition of the same hydrograph until mobile-bed 
equilibrium (averaged over the hydrograph) is achieved. The results of the experiments 
demonstrate a remarkable tradeoff. In a short “boundary layer” inlet reach, the bed elevation and 
bed slope fluctuate cyclically with the changing flow discharge, while the gravel transport rate 
remains nearly equal to the constant feed rate. Downstream of this short reach, however, the bed 
elevation and bed slope do not fluctuate in response to the hydrograph; all the fluctuation is 
transferred to the gravel transport rate. These results are verified in terms of 1D analytical and 
numerical modeling. This modeling shows that the tradeoff is inevitable as long as the 
morphologic response time of the reach in question is sufficiently long compared to the time of a 
single hydrograph. The implication is that gravel-bed rivers tend to adjust to hydrographs so as to 
minimize the response of the bed and maximize the response of the bedload transport rate to 
fluctuating flow discharge. INDEX TERMS: 1821 Hydrology - Floods; 1825 Geomorphology - 
Fluvial; 1847 Hydrology - Modeling; 1862 Hydrology - Sediment transport; KEYWORDS: bed 
evolution, flood hydrograph, channel hydraulics, bedload transport, 1D model. 
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1. Introduction 
How do gravel-bed rivers respond to a regime of repeated hydrographs? The beds of such 

rivers are easily observed at low flow. During floods, however, the flow can be so violent that 
direct measurements of the state of the bed or the transport regime become difficult (although not 
necessarily impossible: see Andrews and Erman [1986]). This difficulty in turn opens a window 
of speculation. Many gravel-bed rivers show a bed at low flow that is armored, i.e. coarser than 
the substrate. More specifically, a similar state of armoring is usually visible at low flows 
between major flood hydrographs. Does this mean that the armor persists throughout the 
hydrograph, or that instead it is greatly modified, or even washed out, near the flood peaks, only 
to reform to the pre-flood armored state as the hydrograph declines [Thorne et al., 1987; Wilcock 
and DeTemple, 2005]? By the same token, does such a river undergo major transient aggradation 
and degradation as the flood hydrograph passes through, only to evolve to a post-flood bed 
elevation profile that differs little from the pre-flood value? Or instead is the bed elevation 
profile essentially invariant to the hydrograph? 

In so far as significant bedload transport is typically associated with floods, filling these gaps 
in information is crucial in order to understand long-term river channel evolution. New methods 
for measuring transport rates and channel bathymetry in the field show promise [Habersack et al., 
2001; Rennie and Millar, 2004], but the testing of these technologies has not necessarily been 
performed either at peak discharges or for extended periods of record including many peaks. 

Bedload transport in perennial versus ephemeral gravel-bed rivers offers a case in point. It is 
well documented that the latter type is less prone to displaying bed armoring at low flow 
[Laronne et al., 1994]. A very interesting question in this regard was recently posed by Almedeij 
and Diplas [2005]: do perennial and ephemeral streams represent different parts of the same 
general continuum relating transport rates to flow strength? This question cannot be answered in 
the absence of information as to how both bed elevation and bed surface size distribution evolve 
during flood events. 

Parker et al. [2005] have approached this problem by means of numerical modeling. The 
results suggest that gravel-bed rivers respond to repeated flood hydrographs by evolving a bed 
that responds little in terms of either elevation or surface size distribution as the flow varies. In 
addition to this numerical model for sediment mixtures, a simplified theoretical model using 
uniform sediment and a linearized bedload transport relation was used to establish an analytical 
basis for the result concerning the invariance of bed elevation. 

The research reported here addresses the question as to whether or not river beds undergo 
cyclic aggradation and degradation due to repeated hydrographs. For simplicity, the case of 
uniform gravel is considered here. The research builds on the first numerical formulation given 
in Parker et al. [2005]. The present research differs from that treatment, however, in the 
following ways; a) as opposed to the linearized bedload transport relation used in Parker et al. 
[2005], a fully nonlinear formulation is used here to characterize the relation between flow 
strength and bedload response [Kuhnle, 1992; Singer and Dunne, 2004], and b) here the 
numerical and theoretical framework is tested against experimental data. 
 
2. Overview of the research 

The framework of the research reported here can be summarized as follows. The 
configuration is that of a 1D flume. Gravel of uniform size is fed at the upstream end at a 
constant rate. The flow discharge at the upstream end is cycled according to a repeated 
hydrograph, for however long is required for the reach of the flume to reach mobile-bed 
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equilibrium (averaged over the hydrograph). A numerical model applied to this problem 
indicates a result of some interest. In a short reach just downstream of the feed point, bed 
elevation and bed slope fluctuate cyclically as the river is forced to transport gravel at a near-
constant rate in spite of the variation in the flow discharge. Downstream of this short reach, 
however, nearly all of the fluctuation associated with hydrograph forcing is transferred from the 
bed (elevation and slope) to the bedload transport rate itself. That is, the bed profile becomes 
invariant over the hydrograph, and instead the bedload transport rate fluctuates cyclically with 
the hydrograph. 

Experiments are used to confirm this result. The experimental measurements allow for a 
distinction between the systematic, cyclic fluctuations in bed elevation driven by the hydrograph 
(which can be captured by the numerical model) and random fluctuations in bed elevation driven 
by the stochastic nature of the combined processes of particle entrainment, transport and 
deposition [Einstein, 1950; Paintal, 1971] (which cannot be captured by the numerical model). 
Stochastic fluctuations in the streamwise bed profile are characterized by time scales that are 
shorter than those associated with bed aggradation or degradation [Parker et al., 2000]. 

Two major simplifications are worth mentioning in regard to the experimental design. These 
are: (i) the use of uniform gravel, which eliminates the possibility of bed armoring; and (ii) the 
imposition of a constant gravel feed rate at the upstream end. As a result, the fluctuations that 
affect the long-term equilibrium river profile (averaged over the hydrograph) are solely those of 
the hydrograph itself. In field streams, fluctuations associated with sediment supply and grain 
sorting can also affect this long-term equilibrium or quasi-equilibrium [Buffington and 
Montgomery, 1999; Lisle et al., 2000]. Moreover, various floods with different hydrograph 
shapes should be included in a more realistic representation [Marion and Weirich, 2003; Lenzi et 
al., 2004]. It is nevertheless useful to learn the characteristics of the mobile-bed equilibrium 
(averaged over the hydrograph) that is attained after repeatedly cycling the same flood 
hydrograph in the simplest flume setting. 

The structure of the paper is as follows. The experimental facility and procedures are 
presented. The experimentally measured time series of the water surface profile, the bed 
elevation fluctuations at different locations in the flume, and the bedload transport rate at the 
downstream end of the facility are then presented, analyzed and interpreted. This empirical 
information motivates the formulation of a 1D theory of bed evolution in a gravel-bed river 
subject to a cycled hydrograph and constant sediment supply conditions. The theory is 
implemented in the form of a numerical model, and the results are compared against those of the 
flume experiments, in particular with reference to the time series of measured bedload transport 
rates as well as of the equilibrium streamwise slopes of the bed and water surface. 
 
3. Flume experiments 
3.1 Layout and procedures 

The experiments reported here were conducted in a flume located at St. Anthony Falls 
Laboratory (SAFL), University of Minnesota. The flume width was B = 0.5 m, and its test length 
was L = 22.5 m. Water was supplied via a non-recirculating pumping system, which included a 
programmable timer that allowed the operator to preset the hydrograph that is to be cycled. An 
upstream rectangular sharp-crested weir and a stilling well connected to the head tank served to 
calibrate the water discharge entering the flume. 

Pressure tubes (piezometers) were placed every 0.5 m in the streamwise direction, between 
2.0 and 20.0 m downstream from the entrance weir. Plastic hoses connected the pressure tubes to 
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two measuring panels, where photographs of the corresponding water levels were taken 
sequentially during each hydrograph cycle. Photographs were taken at a rate of 15 times per 
cycle for the shorter hydrographs, and up to 30 times per cycle for the longer hydrographs. 

The sediment used in all experiments was a uniform gravel, with geometric mean particle 
size Dg = 7.2 mm, geometric standard deviation σg = 1.2, median particle size D50 = 7.1 mm, 
particle size for which 90% of the sediment is finer D90 = 9.6 mm, and density ρs = 2,550 kg m-3. 
The gravel was supplied at the upstream end of the test reach via an auger-type sediment feeder. 
The gravel was collected in a sediment trap at the downstream end of the flume, from where it 
was jet-pumped back to a buffer containment box installed above the sediment feeder. The 
output bedload transport rate was measured sequentially at the buffer containment box during a 
hydrograph cycle. These measurements were made only after the attainment of mobile-bed 
equilibrium was verified in terms of the measured long profiles of the bed and the water surface. 
Bedload transport measurements were made for at least two hydrograph cycles in each of the 8 
experimental floods, at a rate of 10 times per hydrograph cycle for the shorter duration floods, 
and up to 30 times per hydrograph cycle for the longer events. The sampling operation included 
collecting, drying and weighing the gravel, with collection times ranging between 25 and 50 s. 
The attainment of equilibrium was further assured by requiring that the output bedload transport 
rate averaged over one hydrograph be within 5% of the feed rate. Although the sediment was 
recirculated using jet pumps, the flume was operated in sediment-feed mode, with the feed rate 
controlled by the speed of the motor of the sediment feeder. 

Table 1 presents the main features of the 8 experiments included here. All hydrographs were 
of triangular but not necessarily symmetrical shape (see Figure 1). These hydrographs were 
characterized by a) a constant rate of sediment supply Qbf, b) a magnitude Qlow of the low flow of 
the hydrograph, c) a magnitude Qpeak of the peak flow of the hydrograph, d) a duration tpeak of the 
rising limb of the hydrograph and e) a total duration Th of the hydrograph. Consecutive identical 
floods were repeated until the system adjusted itself to mobile-bed equilibrium over a full 
hydrograph cycle. The criteria for mobile-bed equilibrium were as follows: (i) a longitudinal 
slope of the water surface Sw (measured via the piezometer levels) and a longitudinal slope of the 
bed surface S (measured with point gauges at the end of a hydrograph cycle) that were nearly 
equal and nearly constant in space and time everywhere except in an upstream region extending 
no more that 4.0 m downstream of the entrance weir; and (ii) an output bedload transport rate 
averaged over the hydrograph cycle that was within 5% of the upstream sediment feed rate. The 
survey to determine bed slope included bed surface elevations measured every 0.5 m in the 
streamwise direction, between 2.0 and 20.0 m downstream from the entrance weir. 

In addition to the measurements described above, simultaneous high temporal resolution 
measurements of the bed elevation at 10 streamwise positions (2.0, 3.5, 5.0, 6.75, 7.75, 8.75, 
12.75, 14.75, 16.75 and 18.75 m downstream from the entrance weir) were carried out with a 
sonar-transducer system. All ultrasonic transducer probes were of videoscan immersion type; six 
of these operated at a frequency of 0.5 MHz and the other four at 1.0 MHz. Independent 
measurements with the same sonar system in standing water and a fixed gravel bottom surface 
resulted in a standard deviation of signal fluctuations (i.e. the measurement error) of 0.10 mm, 
which is less than 5% the standard deviation of the random bed elevation fluctuations recorded 
during bedload transport events under normal flow conditions [Wong and Parker, 2005]. The 
maximum beam spread (footprint) of the sound wave was about the size or smaller than Dg. All 
sonar measurements were carried out at a frequency of once every 3 s, and resulted in two 
independent time series for every experimental flood, each time series covering one complete 
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hydrograph (ts1 and ts2 according to the notation used in Table 2), for each of the streamwise 
positions and experimental equilibrium states listed in Table 1. 

 
3.2 Results 

The transport regime for the experiments reported here can be accurately characterized as 
lower-regime plane-bed. Dunes and ripples were entirely absent, and the range of water 
discharges precluded the formation of gravel sheets. Alternate bars were rarely observed, and 
when they were observed they remained subtle features. 

The numbering of the experiments used in Table 1 introduces three general scenarios used to 
study the effect of a repeated hydrograph on mobile-bed equilibrium. Each scenario is defined in 
terms of the aspect of the hydrograph shape that was varied (see Figure 2). Scenario 1 allowed 
study of the effect of varied hydrograph length. It included two floods with the same values of 
Qlow and Qpeak, both of symmetrical shape, but with the value of Th of Flood 1-2 being twice Th of 
Flood 1-1. Scenario 2 allowed study of the effect of varied length of the recession limb of the 
hydrograph. It included three floods with the same values of Qlow, Qpeak and tpeak, but different 
values of Th. More specifically, the ratio (Th – tpeak) / tpeak increased from 1:1 in Flood 2-1 to 5:1 
in Flood 2-3. Scenario 3 allowed study of the effect of varied peak discharge. It included three 
floods with the same values of Qlow, tpeak and Th, but different values of Qpeak; the ratio 
Qpeak / Qlow increased from 1.5:1.0 in Flood 3-1 to 2.3:1.0 in Flood 3-3. The sediment feed rate 
Qbf was kept constant for all the floods of a given scenario, taking a value of 0.144 kg s-1 for 
Scenario 1 and 0.080 kg s-1 for Scenarios 2 and 3 (Table 1). 

The number of hydrograph cycles required to reach mobile-bed equilibrium depended on, 
among other things, the initial bed slope, but was in the range of 30 to 50. Table 2 presents a 
summary of the results of several parameters measured once mobile-bed equilibrium was 
attained. The streamwise bed slope S measured with the point gauges at the end of a flood cycle 
is denoted as Spg; the same parameter measured with the sonar-transducer system and averaged 
over the hydrograph is denoted as Sst. Also included in Table 2 are the streamwise surface slope 
Sw measured with the piezometers and the water depth H; values for both parameters are given 
for both low (minimum discharge of the hydrograph) and high (peak discharge of the 
hydrograph) flow conditions. All slopes were measured over a 14.0-m reach that excluded a  
4.0-m region extending downstream from the upstream weir and a 2.5-m region extending 
upstream from the sediment trap; that is, slopes were computed from measurements between 4.0 
and 18.0 m downstream from the entrance weir. 

The data of Table 2 reveals some interesting trends, which can be summarized as follows. 
The bed slope at mobile-bed equilibrium appears to be essentially invariant to total hydrograph 
length. The effect of hydrograph length can be discerned by comparing the two runs of  
Scenario 1 (Floods 1-1 and 1-2), and also the pair of Floods 2-1 and 3-2 (see Table 1). In the case 
of Floods 1-1 and 1-2 the value of Spg varies by only 5.1%, and corresponds to an elevation 
difference of one grain size D90 over 14.0 m. In the case of Floods 2-1 and 3-2 the variation is 
about 5.5%, corresponding to an elevation difference of less than one grain size D90 over 14.0 m. 
The bed slope at mobile-bed equilibrium also appears to be essentially invariant to the length of 
the recession limb of the hydrograph, as it is seen by comparing Floods 2-1, 2-2 and 2-3. The bed 
slope at mobile-bed equilibrium is, however, sensitive to the discharge ratio Qpeak / Qlow, with 
higher values of this ratio yielding lower slopes in Scenario 3. This can be understood as follows; 
sediment feed rate is held constant in Scenario 3, so that if Qpeak is increased while holding Qlow 
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constant, the stream must respond to the increased transport capacity (at any given slope) by 
lowering the bed slope at mobile-bed equilibrium. 

Table 2 indicates that in every flood the average water surface slope Sw was the same at high 
flow as it was at low flow. In point of fact, Sw varied little throughout any given hydrograph. This 
is illustrated for the case of Flood 3-3 in Figure 3, where water surface profiles are shown every 
3 minutes throughout a 30-minute hydrograph. Put simply, Sw remained constant throughout the 
hydrograph cycle at mobile-bed equilibrium, a result also found by Meirovich et al. [1998] and 
Lee et al. [2004]. It could be argued that this result is expected, since the hydraulic response time 
is known to be typically much shorter than the morphodynamic adjustment time [Plate, 1994; 
Cui et al., 1996; Nelson et al., 2002]. 

The data for bed elevation (and by inference bed slope) show a somewhat different trend at 
mobile-bed equilibrium. A characteristic example corresponding to Flood 2-2 is presented in 
Figure 4a. This plot shows 10 lines corresponding to bed elevation as a function of time during 
the 30-minute hydrograph. Each line corresponds to a different streamwise position (see legend), 
varying from 2.00 to 18.75 m downstream of the upstream weir. The data were obtained from the 
sonar profilers at time intervals of 3 s. 

The essence of the pattern shown in Figure 4a can be discerned by comparing the lines 
describing the temporal bed elevation variation at 2.00 m and 16.75 m with the corresponding 
horizontal dotted lines representing the average bed elevation over the hydrograph. An expanded 
view of these lines is given in Figure 4b, but with the lines now representing the deviations from 
the respective mean bed elevation. The line corresponding to 2.00 m shows that the bed degrades 
noticeably over most of the rising limb of the hydrograph, aggrades abruptly near peak flow 
conditions, and degrades at a slower rate over much of the falling limb of the hydrograph. The 
line corresponding to 16.75 m shows no such trend; bed elevation remains basically constant 
throughout the hydrograph. Indeed, returning to Figure 4a, it is seen that cyclic degradation and 
aggradation is prominent only within about 5.0 m of the upstream weir. Farther downstream, 
however, bed elevation remains approximately invariant over the hydrograph. By inference, then, 
bed slope S also changes cyclically near the upstream weir, but becomes approximately invariant 
over the greater portion of the flume. 

A quantitative evaluation of the proposition of invariance of the equilibrium bed profile 
downstream of this entrance reach was performed via a double-sided test of the sample means 
[Benjamin and Cornell, 1970]. These sample means, hereafter referred to as window sample 
means, correspond to non-overlapping windows of duration equal to Th / 30, with  
10 measurements per window for the shortest duration flood and 40 for the longest event. The 
population mean is obtained by averaging the entire record at the respective streamwise position. 
The method requires a reference standard deviation sy of bed elevation fluctuations. Here sy is 
estimated from a relation presented in Wong and Parker [2005]: 

( )0.56

50

3.09 0.0549ys
D

τ ∗= −  (1) 

where τ* denotes the Shields number of the flow based on D50. The experiments of Wong and 
Parker [2005] employed the same flume and sediment as the experiments reported here, and 
differ only in that the flow discharge was held constant rather than allowed to vary according to a 
hydrograph. The Shields number τ* in (1) was estimated using the approximation of normal 
(steady, uniform) flow, 
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HS
RD

τ ∗ =  (2) 

 
where R denotes the submerged specific gravity of the sediment, given as 

1sR ρ
ρ

= −  (3) 

where ρ  represents the density of water. Since (1) was determined based on data for mobile-bed 
equilibrium states corresponding to both constant bedload transport rate and flow discharge, the 
fluctuations characterized by (1) are the random fluctuations of bed elevation associated with the 
stochastic processes of particle entrainment, transport and deposition. The underlying assumption 
for performing the double-side test is that the parent population can be modeled with a normal 
distribution, which is a reasonable assumption for the time series of bed elevation fluctuations 
under mobile-bed transport conditions in which bedforms are subtle features [see e.g., Pender et 
al., 2001; Wong and Parker, 2005]. 

The results of the statistical test are presented in Table 3 in terms of the percent of locations 
where the window sample and population means were not statistically different at a significance 
level of 0.01. If all the experiments are considered together, only 49% success is found in the 
reach upstream of a point 5.0 m from the entrance weir, versus 82% in the reach downstream. 
Stronger gradually varied flow effects near the flume inlet might explain part of the difference in 
the proportion of stationary time series [Yen, 2002]. This comment notwithstanding, an 82% 
success rate in the reach downstream of the entrance reach is likely sufficient to justify the 
conclusion of invariance of bed elevation to the hydrograph downstream of the entrance reach. 

The physical basis of the results extracted from Figure 4a and Figure 4b is explained in more 
detail below. It suffices to note the following here. The entrance reach corresponds to a 
“boundary layer” where even at mobile-bed equilibrium, the juxtaposition of a constant sediment 
feed rate and cyclically varying flow discharge drives systematic, cyclic variations in bed 
elevation and slope. Downstream of this boundary layer bed elevation becomes approximately 
invariant over the hydrograph at mobile-bed equilibrium, and the bed profile can be 
approximated as constant in time. 

The preceding paragraph contains the essential conclusion from the experiments. The 
experiments also yielded several other results which are worth noting. A perusal of Figure 4a and 
Figure 4b reveals that in addition to a systematic, cyclic fluctuation in bed elevation in the 
entrance reach, random fluctuations in bed elevation were observed at all measuring stations. 
These fluctuations are presumably of the same type as those observed in the experiments of 
Wong and Parker [2005] for constant discharge, and reflect the stochastic processes of particle 
entrainment, transport and deposition at mobile-bed equilibrium. 

Equation (1), which was determined for the condition of constant flow discharge, suggests 
that the standard deviation of bed elevation fluctuations sy associated with random processes 
should increase with increasing flow strength (parameterized in terms of the Shields number in 
the equation). It is of interest to see if a similar result holds here. To this end, the data for bed 
elevation from Flood 1-2 were used to compute the standard deviation sy,2 of bed elevation 
fluctuations for each of 30 consecutive, non-overlapping windows, each of 2-minute duration 
and a sample size of 40. The subscript “2” in sy,2 denotes the fact that the averaging window was 
2 minutes, a value that was chosen because this duration is 1/30 of the duration of the 
hydrograph, so that systematic fluctuations in bed elevation associated with the hydrograph 
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should be filtered out. The values of sy,2 so determined are plotted in Figure 5. The data from two 
stations (12.75 m and 16.75 m downstream of the upstream weir) were excluded as they were 
found to be anomalous. Also plotted in Figure 5 is (1) applied to Flood 1-2. 

Although the scatter is considerable (as might be expected from the short averaging window), 
a reasonably clear trend is apparent: sy,2 tracks the hydrograph, such that the amplitude of 
random fluctuations in bed elevation increases with increasing discharge. The data follow the 
trend of (1), but consistently plot below it. There is a reason for this. Each data point used to 
determine (1) was based on an aggregate of data from five 60-minute windows, each with a 
sample size of 1200. In order to allow for better comparability, the data from one of the 
experiments reported in Wong and Parker [2005] which corresponded to a Shields number in the 
middle of the range covered by the hydrograph of Flood 1-2 was re-analyzed based on 2-minute 
windows, each with a sample size of 40. The resulting average value of sy,2 was lowered to only 
0.75 times the value of sy predicted by (1). With this in mind, (1) is amended for this specific 
example to: 

( )0.56,2

50

2.33 0.0549ys
D

τ ∗= −  (4) 

It is seen in Figure 5 that (4) still overpredicts the data somewhat, but the predicted curve 
nevertheless both falls within the scatter and reflects the trend of the data. 

It was earlier asserted that at mobile-bed equilibrium, the bed elevation becomes 
approximately invariant to flow variation in the hydrograph downstream of a short entrance 
reach. In light of the above, this assertion should be qualified as follows. Systematic fluctuations 
in bed elevation become essentially negligible downstream of the entrance reach, but random 
fluctuations are observed everywhere, and their amplitude increases with increasing flow 
discharge. These random fluctuations are present whether flow discharge is held constant or 
allowed to vary cyclically within a given run. 

The issue of systematic versus random fluctuations in bed elevation is further pursued in 
Figure 6. This figure presents two examples of the computed deviation (simple difference) of the 
window sample mean from the population mean at the 10 recording streamwise positions (see 
legend). Figure 6a corresponds to Flood 3-1, for which the ratio Qpeak / Qlow is equal to 1.48, i.e. 
the smallest of the 8 test runs. That is, this run most closely approximates the constant discharge 
runs of Wong and Parker [2005], for which no systematic fluctuation in bed elevation was 
observed at mobile-bed equilibrium. Figure 6b corresponds to Flood 2-3, for which the ratio 
Qpeak / Qlow is equal to 1.89, i.e. nearly double that of Flood 3-1. Upper and lower limits on the 
stochastic variations were computed as ± 2 sy, where sy is computed from (1). In Figure 6a it is 
seen that the deviations fall within these limits at every station except the one at 2.00 m, 
suggesting that systematic bed elevation variation is weak. In Figure 6b the higher value of 
Qpeak / Qlow is seen to drive higher deviations in the 5.0-m entrance reach, where many of the 
values fall outside the limits. Downstream of the entrance reach the deviations are muted to 
about the same degree as seen in Figure 6a. The conclusion is that a stronger variation of flow 
over the hydrograph drives a stronger systematic, cyclic variation in bed elevation in the entrance 
length, but leaves the reach downstream essentially unaffected. 

Figure 7a and Figure 7b show the time variation of the output bedload transport rate at the 
downstream end of the experimental facility for Flood 1-2 (symmetrical hydrograph) and  
Flood 2-3 (asymmetrical hydrograph), respectively. The data indicate that the bedload transport 
rate tracks the hydrograph well. Having said this, the plots suggest that the bedload transport rate 
lags modestly behind the discharge. This lag has been observed by others [Phillips and 
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Sutherland, 1990; Habersack et al., 2001], but Graf and Qu [2004] suggest that it is usually 
small. Any lag notwithstanding in the two runs of Figure 7a and Figure 7b, and indeed in all 
other runs, the bedload output rate averaged over the hydrograph was always within 5% of the 
feed rate, a criterion that was used as one of the indicators of mobile-bed equilibrium. 

The experimental results may be summarized as follows. In the presence of a cycled 
hydrograph, bed elevation fluctuations at mobile-bed equilibrium consist of two components. 
The first of these are random fluctuations associated with the stochastic processes of entrainment, 
transport and deposition of bedload particles. These fluctuations occur everywhere, and their 
strength scales with flow discharge. As a result, the strength of random fluctuations waxes and 
wanes with the flow discharge. In addition to these random fluctuations there is a systematic, 
cyclic fluctuation that is restricted to the entrance reach, and which is driven by the imbalance 
between the constant sediment supply and the temporally varying bedload transport capacity of 
the stream. Once morphodynamic equilibrium has been established and the random fluctuations 
have been excluded, downstream of the entrance reach the slope of the bed surface remains 
approximately invariant during the passage of any subsequent flood. This result is also valid for 
the slope of water surface, in conformity with the field observations of Reid et al. [1995]. 
 
4. Theoretical formulation 

The essential result from the experiments is the approximate invariance of bed elevation and 
bed slope to the hydrograph at mobile-bed equilibrium outside of a short entrance reach. The 
experiments in and of themselves do not explain why such a state should prevail. In this section 
and the next the answer to this conundrum is sought in the context of a theoretical/numerical 
model. 

Again consider the conditions illustrated in Figure 1. The volume bedload transport rate per 
unit width is denoted as qb. Sediment is fed at constant volume rate per unit width of channel qbf 
(qbf = Qbf / ρs / B) into the upstream end of a reach of length L. The channel is assumed to be 
rectangular and the sidewalls are assumed to be inerodible. The channel width is assumed to be 
sufficiently wide compared to flow depth that sidewall effects can be ignored. Flow discharge 
per unit width qw varies, however, according to a cyclically repeated hydrograph of triangular 
shape: 

( )w low peak low wq q q q  f= + −  (5) 

,  for 0

 , ,
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w w peak h
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⎧ ≤ ≤⎪
⎪⎡ ⎤≡ = ⎨⎣ ⎦ −⎪ ≤ ≤
⎪ −⎩

 (6) 

In the above relations qlow and qpeak denote the low (minimum) and peak flows of the hydrograph, 
respectively (that is, qlow = Qlow / B, and qpeak = Qpeak / B); fw represents a specified function; and t 
represents time. The following paragraphs of this section serve to outline a 1D morphodynamic 
model that predicts both the approach to mobile-bed equilibrium and the equilibrium itself 
associated with a cycled triangular hydrograph specified by (5) and (6). Modification of the 
model to include other hydrograph shapes is trivial. 

In principle, the flow in the morphodynamic model should be computed based on dynamic 
flood wave modeling with the full St. Venant shallow water equations. Here, however, the flow 
is calculated based on the assumption of normal (steady, uniform) flow at each step in the 
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hydrograph. The hydrograph is assumed to propagate through the reach so quickly (relative to a 
characteristic time of morphologic response) that the hydrograph has the same timing throughout 
the reach, so qw is a function of t alone. Cui et al. [1996] have shown that these approximations 
are generally accurate for steep, gravel-bed streams. They are evaluated in further detail in the 
next section of this paper. 

The 1D water continuity equation for a rectangular channel is: 
wq UH=  (7) 

where U denotes mean flow velocity. Flow resistance for a hydraulically wide rectangular 
channel can be accounted for in the form of the Manning-Strickler relation: 

1
2

* 90

rn

f r
k

U HC
u n D

α− ⎛ ⎞
≡ = ⎜ ⎟

⎝ ⎠
 (8) 

where u* is the shear velocity; Cf is the dimensionless bed friction coefficient; αr is a 
dimensionless coefficient; nr is an exponent often set equal to 1/6; and nk is a scaling factor for 
bed roughness height. In the case of the present experiments the sediment is so nearly uniform 
that the surface D90 size can be accurately approximated by the value of D90 of the parent 
sediment itself. Assuming that flow resistance is all skin friction and that sidewall effects are 
negligible, the bed shear stress τb can be computed from the relation for momentum balance for 
normal flow: 

2
b fC U gHSτ ρ ρ= =  (9) 

where g denotes acceleration of gravity. The streamwise bed surface slope S is given by: 

S
x
η∂

= −
∂

 (10) 

where η is the bed elevation; and x represents streamwise distance from the sediment feed point. 
Solving for water depth H in (9) with the aid of (7) and (8), it is found that: 

( )
( )

1
2 2 3

2
902

r
r

n
nw

k
r

qH n D
gSα

+⎡ ⎤
= ⎢ ⎥

⎣ ⎦
 (11) 

The Exner equation of sediment continuity for the bed deposit can be written as: 

(1 b
p

q)
t x
ηλ ∂ ∂

− = −
∂ ∂

 (12) 

where λp denotes bed porosity. Here a bedload transport relation of the general form of the 
relation of Meyer-Peter and Müller [1948] is used: 

( ) ,  for 

0 for 

bn

b cr cr

cr

q
, 

α τ τ τ τ

τ τ

∗ ∗ ∗ ∗
∗

∗ ∗

⎧ − >⎪= ⎨
≤⎪⎩

 (13) 

where q* denotes the dimensionless Einstein number, given as 

50 50

bqq
RgD  D

∗ =  (14) 

and τ* denotes the dimensionless Shields number, given as 

50

b

RgD
ττ

ρ
∗ =  (15) 
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In addition αb is a dimensionless coefficient; nb is an exponent taken to be equal to 1.5 in the 
original formulation of Meyer-Peter and Müller [1948]; and crτ ∗  is a “critical” Shields number 
(or more accurately, a fitting parameter) below which the bedload transport rate is neglected. The 
expression (15) for the Shields number further reduces with (9) to: 

50

HS
RD

τ ∗ =  (16) 

This relation (16) is nothing more than relation (2) presented before. Using (14), (16) and (11) to 
reduce (13): 

( ) ( )
( )

( )
( )

1
2 2 3 2 22

2 3 2 390
50 50 2

50

1
b

r r r

r r

n
n n n

n nk
b b w cr

r

n D
q RgD  D q S

RD g
α τ

α

+ +
+ + ∗

⎧ ⎫⎡ ⎤⎪ ⎪= −⎢ ⎥⎨ ⎬
⎢ ⎥⎪ ⎪⎣ ⎦⎩ ⎭

 (17) 

As in the case of (13), relation (17) applies for crτ τ∗ ∗> ; otherwise, qb = 0. Between (10) and (17) 
it is seen that (12) defines a differential equation that is second-order in x, thus requiring two 
boundary conditions. These are taken to be the volume sediment feed rate per unit width qbf at 
the upstream end of the reach and the specification of vanishing bed elevation η at the 
downstream end, which corresponds to the configuration of the experiments outlined above. 
Then, 

0b bfx
q q

=
=  (18) 

0
x L

η
=

=  (19) 
The morphodynamic problem is thus specified by (12), (17), (18) and (19). 

Based on the numerical results with sediment mixtures of Parker et al. [2005] and the 
experimental results presented above, it may be surmised that the mobile-bed equilibrium state 
over a hydrograph cycle is that summarized in Figure 8, i.e.: (i) a time invariant longitudinal bed 
profile, except in an upstream entrance reach of short length, where bed elevation fluctuates 
cyclically in response to the hydrograph; and (ii) a time variation of the bedload transport rate 
that follows precisely and without lag the time variation of the water discharge downstream of 
the entrance reach, in spite of the fact that the bedload feed rate is constant. Indeed, the picture is 
justified in detail below. It should be noted, however, that the morphodynamic model is not 
capable of capturing the stochastic variations associated with the entrainment, transport and 
deposition of bedload particles discussed above, so the results from the numerical model should 
be interpreted as averages over these fluctuations, which occur at a characteristic time scale that 
is much smaller than the duration Th of the hydrograph [Parker et al., 2000]. 

In the case of a constant flow discharge per unit width qw0 and constant sediment feed rate 
per unit width qbf, a constant bed slope S0 at mobile-bed equilibrium can be computed directly by 
solving (17) for S0. In the presence of a hydrograph, it is similarly assumed that once mobile-bed 
equilibrium is attained the bed slope becomes equal to a constant value S0 everywhere except 
within the entrance reach. This bed slope cannot, however, be directly calculated from (17), 
because it is not known in advance what value of flow discharge per unit width qw to use in 
computing S0. The simplest value to use would be the value wq  representing the average of the 
hydrograph, and here given from (5) and (6) as: 

( )1
2w low peakq q q= +  (20) 
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Because the sediment transport relation (13) is nonlinear for nb > 1, however, the appropriate 
flow discharge for computing the equilibrium slope S0 in the presence of a hydrograph is not 
necessarily equal to wq . There must be, however, some constant flow discharge, here termed qwc, 
which together with the specified sediment feed rate qbf and (17) yields the correct equilibrium 
bed slope S0 at mobile-bed equilibrium. Presumably qwc lies between qlow and qpeak. Here qwc is 
solved iteratively, using wq  as a first estimate. Thus qwc, qbf and S0 are related as: 

( ) ( )
( )

( )
( )

1
2 2 3 2 22

2 3 2 390
50 50 02

50

1
b

r r r

r r

n
n n n

n nk
bf b wc cr

r

n D
q RgD  D q  S

RD g
α τ

α

+ +
+ + ∗

⎧ ⎫⎡ ⎤⎪ ⎪= −⎢ ⎥⎨ ⎬
⎢ ⎥⎪ ⎪⎣ ⎦⎩ ⎭

 (21) 

In addition, the Shields number 0τ ∗  associated with these same three parameters is given as: 

( ) ( )
( )

( )
( )

1
2 2 3 2 22

2 3 2 390
0 02

50

1 r r r

r r

n n n
n nk

wc
r

n D
q  S

RD g
τ

α

+ +
+ +∗

⎡ ⎤
= ⎢ ⎥

⎢ ⎥⎣ ⎦
 (22) 

The systematic bed elevation fluctuations at mobile-bed equilibrium illustrated in Figure 8 
are quantified as follows. The constant bed profile associated with slope S0 is given as: 

0 0 1 xS L
L

η η ⎛ ⎞≡ = −⎜ ⎟
⎝ ⎠

 (23) 

Bed elevation η is allowed to deviate from this profile: 
0 dη η η= +  (24) 

where ηd denotes a deviatoric bed elevation around the base equilibrium state given by η0. With 
S0 defined as: 

0
0S

x
η∂

= −
∂

 (25) 

the bed slope S is then given from (10), (24) and (25) as: 

0
0

11 dS S
S x

η⎛ ⎞∂
= −⎜ ⎟∂⎝ ⎠

 (26) 

For the correct value of S0, the deviatoric bed elevation ηd should average to zero over one 
hydrograph at mobile-bed equilibrium. 

Reducing (17) with the aid of (21), (22) and (26), the bedload transport rate qb is seen to be 
given as: 

( )

( )
( )

2 2
2 32

2 3

0

1ˆ 1

1

b
r

r
r

nn
n

n d
w

b bf

q
S x

q q

η µ

µ

+
+

+
⎧ ⎫

⎡ ⎤∂⎪ ⎪− −⎢ ⎥⎪ ⎪∂⎪ ⎪⎣ ⎦= ⎨ ⎬−⎪ ⎪
⎪ ⎪
⎪ ⎪⎩ ⎭

 (27) 

where µ is given as: 
*

*
0

crτµ
τ

=  (28) 

and ˆwq  is given as: 
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ˆ w
w

wc

qq
q

=  (29) 

Note that from the form of (27) it is assumed that all flows on the hydrograph are capable of 
transporting sediment at mobile-bed equilibrium, a condition that prevailed for the experiments 
discussed above. Although not done here, the analysis can be modified so that flow conditions 
for part of the hydrograph are below the threshold of motion. 

Now (24) and (27) can be used to recast the Exner equation of sediment continuity (12) in 
terms of a nonlinear diffusion equation for deviatoric bed elevation ηd: 

2

2
0

(1 ) bfd d
p aux

q
K

t S x
η ηλ ∂ ∂

− =
∂ ∂

 (30) 

with a dimensionless diffusion coefficient Kaux given as: 
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 (31) 

The boundary conditions on (30) are obtained from (18), (19) and (27), and found to be: 

( )
0 1

10

11
ˆ r

d

nx
w

S
x q

η
+=

⎡ ⎤∂ ⎢ ⎥= −
⎢ ⎥∂
⎣ ⎦

 (32) 

0d x L
η

=
=  (33) 

The above formulation is now cast in dimensionless form. The dimensionless parameters xn, 
ηn, Sn, qn and tn are defined as: 

nx L x=  (34) 

0d nS  L η η=  (35) 

0 nS S  S=  (36) 

b bf nq q  q=  (37) 

( ) 2
01 p

n
bf

 S  L
t t

q
λ−

=  (38) 

The streamwise bed slope Sn scaled in (36) with respect to the equilibrium bed slope S0 at 
mobile-bed equilibrium can be further reduced with the aid of (26), (34) and (35): 

1 n
n

n

S
x
η∂

= −
∂

 (39) 

Accordingly, the dimensionless diffusion coefficient Kaux defined in (31) can be reduced with 
(34), (35) and (39): 
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 (40) 
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Using the above-quoted values for nr and nb of 1/6 and 1.5, respectively, it can be easily 
established from (40) that Kaux takes order-one values as long as a) Sn and ˆwq  take order-one 
values, and b) the Shields number is not too close to the critical value in (13). Hence, the time 
evolution equation for the dimensionless deviatoric bed elevation ηn is given from (30), (34), 
(35) and (36) as: 

2

2
n n

aux
n n

K
t x
η η∂ ∂

=
∂ ∂

 (41) 

The boundary conditions on (41) are obtained from (32), (33), (34) and (35), and found to be: 
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∂
 (42) 

1
0

n
n x

η
=

=  (43) 

The above formulation is completed with a relation for the dimensionless bedload transport 
rate qn, which can be obtained from combining (27), (37) and (39): 
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 (44) 

Expression (44) encompasses the possibility of vanishing bedload transport when the Shields 
number is below the threshold value in (13). The form of (44) also ensures that a locally adverse 
slope (Sn < 0) results in a vanishing local value of qn. 

An additional set of scaling transformations of the governing equations is required to 
determine the extent of the upstream boundary layer shown in Figure 8. The first transformation 
uses a dimensionless time ratio ε, which is defined as: 

h

m

T
 T

ε =  (45) 

with, 
( ) 2

01 p
m

bf

 S  L
T

q
λ−

=  (46) 

The term Tm in the above relation serves as a scale for the characteristic morphodynamic 
response time of the river reach. This can be seen as follows. Consider a reach of length L into 
which sediment is fed at rate qbf. The time required to build a wedge-shaped deposit with slope 
S0 and zero thickness at the downstream end is equal to Tm / 2. The ratio ε satisfies the condition: 

1ε �  (47) 
when the hydrograph duration Th is much smaller than the morphodynamic response time Tm of 
the reach. It is shown below that this condition prevails in the experiments reported here; it also 
prevails for sufficiently long reaches in the field [Plate, 1994; Cui et al., 1996; Nelson et al., 
2002]. 

A comparison of (38), (45) and (46) shows that: 
n

h

t t t
T ε

= = �  (48) 
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Equation (48) can be used to recast the nonlinear diffusion equation for the deviatoric bed 
elevation ηn (41) as follows, 

2

2
n n

aux
n

K
t x

η ηε∂ ∂
=

∂ ∂�  (49) 

The scalings of (34), (35) and (41) indicate that n tη∂ ∂�  and 2 2
n nxη∂ ∂  are of the same order of 

magnitude. In addition, it was noted above that Kaux is an order-one parameter except near the 
threshold of motion. Thus for 1ε � , (49) together with boundary condition (43) approximates to 
the form: 

( ) 0n nxη =  (50) 
This precisely confirms what was observed in the experimental runs. Once mobile-bed 
equilibrium is attained after running repeated floods with the same hydrograph, the bed profile 
remains invariant. 

The above result cannot, however, hold everywhere. In particular, it corresponds to an 
“outer” solution in an “outer” variable xn that cannot hold near the upstream end, where the 
boundary condition (42) forces a cyclically fluctuating value of ηn. The upstream boundary layer 
of Figure 8, where systematic bed elevation fluctuations are non-vanishing, is captured by means 
of the following rescaling into “inner” variables: 

1
2

nx xε= �  (51) 
1

2
nη ε η= �  (52) 

Substitution of these two transformations into (49) results in the following nonlinear diffusion 
equation governing the time evolution of the deviatoric bed elevation η�  within the limits of the 
boundary layer: 

2

2auxK
t x
η η∂ ∂

=
∂ ∂
� �
� �

 (53) 

The upstream boundary condition on (53) is given by: 

( )
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ˆ rn

nx
w

x q
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∂
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∂
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 (54) 

The boundary layer is confined to a region near the upstream end where x�  is order-one. Between 
(34) and (51), then, the boundary layer extends from x = 0 to x = δ, where: 

1
2

L
δ ε∼  (55) 

A more precise definition of the boundary layer thickness δ is given below. The downstream 
boundary condition (43) is now defined at the point 

1
2x ε −=� , and as long as ε is sufficiently 

small, 
1

2 1ε − � . That is, when scaled in terms of the inner variable x� , the location of the 
downstream boundary condition is so far outside the boundary layer that it cannot be applied 
directly to (53). Instead, a form of limit matching is used, according to which the inner solution 
as x → ∞�  is matched to the outer solution (50) at xn = 0, yielding the result: 

0
x

η
=∞

=�
�  (56) 

In practice (56) can be amended to: 

0
0

x x
η

=
=� �

�  (57) 
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where 0x�  is any appropriate value of x�  well outside the boundary layer. 
The above problem is solved iteratively, because the correct value of qwc is not known in 

advance. The numerical model is described below. 
 
5. Numerical model 

The above theoretical formulation was implemented as numerical model. Such 
implementation specifically consisted of solving the time evolution equation of the 
dimensionless deviatoric bed elevation η�  for the spatial domain of the upstream boundary layer 
reach, i.e. partial differential equation (53) subject to boundary conditions (54) and (57). 

Implementing the numerical model requires a specification of the characteristic flow 
discharge per unit width qwc in order to compute ˆwq  from (5), (6) and (29), S0 from (21), 0τ ∗  from 
(22), µ from (28) and Kaux from (40). The correct value of qwc is not known in advance. Here the 
problem is solved iteratively. A solution of (53) subject to (54) and (57) that uses the incorrect 
value of qwc results in a form for η�  at mobile-bed equilibrium that vanishes only at the point 

0x x=� � . The correct value of qwc, on the other hand, results in a form for η�  that fluctuates 
cyclically at mobile-bed equilibrium near 0x =� , but takes a nearly vanishing value for x xδ=� � , 
where xδ�  is an order-one number corresponding to the dimensionless boundary layer thickness. 
In the present calculations 0x�  was set equal to 10. 

The dimensionless boundary layer thickness xδ�  can be defined in a number of ways. The 
most straightforward way is the determination of the value xδ�  such that at mobile-bed 
equilibrium, 

( )
max,0

,
,  for tol

x t
x xδ

η
χ

η
≤ >

�� �
� �

�
 (58) 

where max,0η�  denotes the largest value of η�  at 0x =�  over one cycle at mobile-bed equilibrium 

and χtol is a tolerance that might be set to e.g. 0.05. The dimensioned boundary layer thickness δ 
is then given as: 

1
2

0x
L
δ ε= �  (59) 

Here, however, a different but equivalent approach is used. Downstream of the boundary 
layer the normalized bed slope Sn defined in (36) becomes essentially equal to unity. Let qne be 
the dimensionless bedload transport rate associated with the value Sn = 1, i.e. the cyclically 
fluctuating rate that should prevail downstream of the boundary layer. From (44), then, 
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 (60) 

The dimensionless boundary thickness xδ�  was then defined such that at mobile-bed equilibrium, 

( ) ( )
( )

, ,
,  for 
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n ne
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q x t q x t
x x

q x t δχ
−

≤ >
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 (61) 

A value of χtol of 0.05 was employed in the present calculations. 
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The calculations were performed using the parameters: αb = 2.66; nb = 1.50; crτ ∗  = 0.0549;  
αr = 8.76; nr = 0.1667; and nk = 2.00. These values were obtained from experiments conducted 
for lower-regime equilibrium bedload transport under normal (uniform and steady) flow 
conditions [Wong and Parker, 2005]. These experiments used the same flume and sediment as in 
the experiments reported here; the range of bedload feed rates and flow discharges also include 
the range in the experiments reported here. No further tuning of these parameters was attempted 
for the set of flood runs. In addition, the following experimental values were used in the 
numerical runs: D50 = 7.1 mm; D90 = 9.6 mm; R = 1.55; λp = 0.40; B = 0.5 m; and L = 22.5 m. 
Every one of the experimental runs of Figure 2 was modeled numerically; the values of Qlow, 
Qpeak and Qbf for each run are given in Table 1. 

Figure 9, which shows the results of the numerical model for the conditions of Flood 3-2, 
also provides a typical example of the results for the other runs. The upper panel of this figure 
shows the dimensionless deviatoric bed elevation η�  as a function of streamwise coordinate x�  
and dimensionless time t� . As anticipated, η�  approaches zero (that is, η = η0) within a relatively 
short distance from the flume inlet. The length of the boundary layer reach δ was estimated to be 
5.4 m in this case, versus a length of the flume L of 22.5 m. The lower panel of Figure 9 further 
indicates larger deviation from the mean bed profile during the rising limb of the flood 
hydrograph than during the falling limb. The equilibrium bed slope (outside the boundary layer) 
obtained by iteration from the numerical model was 1.08%, as compared to measured 
equilibrium bed and water surface slopes ranging from 1.05% to 1.08% (Table 2). The computed 
dimensionless load qn downstream of the boundary layer differed by less than ±5% the value 
obtained by using the bed slope S0 predicted from the model in (17) and (37). 

The numerical model thus compares well with the experimental results of Flood 3-2. More 
generally, Table 4 shows that the 1D analytical formulation and associated numerical model 
implementation provided very good prediction of the bed slope downstream of the boundary 
layer at mobile-bed equilibrium. In the table Smodel denotes the predicted value, and Sobs denotes 
the observed value, computed from the average of the three bed slopes for each run given in 
Table 2. The fractional error in the slope predictions ranged from a low of 0.003 to a high of 
0.045. 

Figure 10 presents a comparison of the predicted versus the measured equilibrium bed slope 
for the 8 flood runs. It includes the experimental values of the bed surface slopes as measured 
with the point gauges and the sonar-transducer system, as well as the corresponding water 
surface slopes. The agreement is remarkably good, with the ratios between predicted and 
measured values all within the narrow range of ±10%. 

 
6. Discussion 

In the research reported here the flow discharge has been allowed to vary cyclically, but the 
sediment feed rate has been held constant over the hydrograph. It is of value to query how the 
results would differ if the sediment feed rate had been allowed to vary cyclically. 

The essential result of the research is the tendency of the bed slope to become invariant 
downstream of a short boundary layer reach. Within this boundary layer reach, the discordance 
between constant feed rate and varying flow discharge leads to cyclic aggradation and 
degradation at mobile-bed equilibrium. In the zone of bed slope invariance downstream, the 
bedload transport rate precisely tracks the hydrograph. Now suppose that the feed rate were 
altered to precisely reflect this variation of the bedload transport rate downstream of the 
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boundary layer. The result would be the elimination of any observable boundary layer reach. 
Instead, at mobile-bed equilibrium the bed slope would be constant everywhere, and the bedload 
transport rate would track the hydrograph in the same way everywhere. 

Thus, as long as a cyclically varied feed rate has the same period as the hydrograph, the 
precise details of the variation in feed rate do not change the fact that downstream of a short 
boundary layer reach, at mobile-bed equilibrium a) the slope attains a constant value and b) the 
bedload transport rate tracks the hydrograph. The above conclusions are predicated, of course, on 
the supposition that 1ε � , so that a well-defined boundary layer exists. 

In the calculations presented here the hydrograph is modeled using the normal flow 
approximation, without accounting for the dynamic evolution of the flood wave. A more 
complete evaluation would include dynamic flood wave modeling with the full St. Venant 
shallow water equations. Rather than using (9), the bed shear stress τb would be given from: 

1b H U U US
gH x g x g t
τ

ρ
∂ ∂ ∂

= − − −
∂ ∂ ∂

 (62) 

As noted above, measurements of the streamwise slope S, water depth H and mean flow velocity 
U as a function of streamwise position x and time t were conducted for all 8 flood runs. These 
measurements show that the first term on the right-hand side of (62) is at least two orders of 
magnitude larger than the other three terms in (62). Thus the terms accounting for unsteady and 
gradually varied flow in (62) are of no significance compared to the streamwise bed surface 
slope S. This result is consistent with the time invariance of the water surface profile shown in 
Figure 3. 

It is seen from Table 4 that the effective constant flow discharge Qwc = B qwc that yields the 
same bed slope downstream of the boundary layer as that obtained with the full hydrograph is for 
all practical purposes equal to the average discharge wQ  of the hydrograph. The only way that 
this can be true in general is if the relation between the volume bedload transport rate per unit 
width qb and water discharge per unit width qw is linear. Equation (13) in conjunction with the 
choice nb = 1.5 does indeed specify a nonlinear relation between the Einstein number q* and the 
Shields number τ*. When this equation is reduced to the form of (17), however, the choices  
nb = 1.5, nr = 1/6, αb = 2.66 and crτ ∗  = 0.0549 result in a relation between qb and qw that is 
surprisingly linear as long as the Shields number is not too close to the critical value. This can be 
illustrated in two ways. 

Figure 11 is similar to Figure 7 in that it shows measured output rates of bedload at mobile-
bed equilibrium for Flood 3-1 and Flood 2-2. Figure 11 also includes the following extra 
information: a) the flow discharge hydrograph and b) the prediction of the model for bedload 
output. The predicted curves for bedload output not only agree reasonably well with the data, but 
also illustrate that the relation between the bedload output rate and the discharge is essentially 
linear. 

The degree of linearity can be illustrated in a more general sense by casting (17) in 
dimensionless form. Using previously specified choices nb = 1.5, nr = 1/6, αb = 2.66 and  

crτ ∗  = 0.0549, and defining the dimensionless parameters, 

50 50

wqq
gD D

=�  (63) 

90

50

k
s

n Dk
D

=�  (64) 
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which can be combined into the following dimensionless indicator of flow strength: 

( )
71

6 6 5
3

5
3

s

r

k Sq q
R

τ
α

∗= =
�� �  (65) 

Hence, (17) can be recast as: 

( )1.53 3
5 5
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q q
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As illustrated in Figure 12, the above equation (66) can be accurately approximated by the 
following piecewise-linear form: 

( )2.46 0.010 ,  for 0.010
0 for 0.010

q q
q

, q
∗ ⎧ − >⎪= ⎨

≤⎪⎩

� �
�  (67) 

In so far as q�  is linearly related to qw according to (63) and (65), the upper branch of (67) is seen 
to specify a linear relation between qb and qw. This in turn implies that neither the duration of a 
full hydrograph cycle Th nor the ratio (Th – tpeak) / tpeak affects the slope of equilibrium S0, as long 
as the whole range of water discharges in the hydrograph corresponds to conditions above the 
threshold for bed sediment motion. The results of the experimental runs in Scenarios 1 and 2, 
respectively demonstrate this is the case. 

The result of invariance of the bed slope downstream of the boundary layer reach at mobile-
bed equilibrium must be qualified according to the constraints of the experiments. In particular, 
the present experiments were conducted in a straight flume of constant width. Were width to 
vary in the streamwise direction, relatively wide and relatively narrow reaches would be subject 
to cyclic (contraction / expansion) scour and fill in response to cyclically varying flow. Similar 
cyclic scour and fill could be expected at a channel bend. 
 
7. Conclusions 

The case of a bedload-dominated river carrying uniform sediment is considered here. The 
river is modeled as a sediment-feed flume. Sediment is fed at a constant rate at the upstream end, 
but the flow discharge is allowed to vary cyclically according to a repeated hydrograph. The 
mobile-bed equilibrium attained by such a stream is shown to involve a remarkable tradeoff. 
Near the upstream end, bed elevation and slope vary cyclically as the bed aggrades and degrades 
in response to the discordance between constant sediment supply and varying flow discharge. As 
long as the characteristic morphodynamic response time of the reach is short compared to the 
duration of one hydrograph cycle, however, this cyclic bed variation is restricted to a short 
boundary layer reach near the feed point. Downstream of this boundary layer reach a) bed slope 
and elevation attain temporally constant values that no longer cycle with the hydrograph, and  
b) the bedload transport rate cycles precisely with the hydrograph. The result is illustrated 
experimentally and verified with a numerical model. 

The research reported here is restricted to uniform sediment. Field scale numerical modeling 
of the effect of a cyclically-varying hydrograph on mobile-bed equilibrium in a stream with a 
mixture of sizes has been performed by Parker et al. [2005]. The results of this modeling 
indicate that the results reported here generalize to sediment mixtures in a straightforward way. 
That is, cyclically fluctuating bed elevation and bed surface size composition is restricted to a 
short boundary layer reach. Downstream of this reach bed elevation, slope and bed surface size 
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composition become invariant over the hydrograph, and bedload magnitude and size distribution 
track the hydrograph. In the modeling of Parker et al. [2005], however, the bedload transport 
relation is sufficiently nonlinear so that hydrograph shape can have a noticeable effect on 
mobile-bed equilibrium. 

 
Notation 

B channel width (L). 
Cf dimensionless bed friction coefficient (1). 
Dg geometric mean particle size (L). 

D50 median particle size (L). 
D90 particle size for which 90% of the sediment is finer (L). 

fw function defining shape of flood hydrograph (1). 
g acceleration of gravity (L T-2). 

Kaux dimensionless diffusion coefficient (1). 

sk�  dimensioless bed roughness height (1). 

L channel length (L). 
low low stage of the hydrograph, which corresponds to the minimum discharge of the 

hydrograph. 
H water depth (L). 

high high stage of the hydrograph, which corresponds to the peak discharge of the 
hydrograph. 

nb fitting exponent in bedload transport relation (1). 
nk scaling factor in parameterization of bed roughness height (1). 
nr fitting exponent in flow resistance relation (1). 
q�  dimensionless water discharge (1). 
q�  dimensionless indicator of flow strength (1). 
qb volume bedload transport per unit width of channel per unit time (L2 T-1). 

Qbf constant rate of sediment supply (M T-1). 
qbf constant volume gravel feed rate per unit width of channel (L2 T-1). 

Qlow water discharge at low stage of the hydrograph (L3 T-1). 
qlow water discharge per unit width of channel at low stage of the hydrograph (L2 T-1). 

qn dimensionless volume bedload transport per unit width of channel per unit time, 
scaled with respect to volume gravel feed rate (1). 

qne dimensionless bedload transport rate associated with the value Sn = 1 (1). 
Qpeak water discharge at high stage of the hydrograph (L3 T-1). 
qpeak water discharge per unit width of channel at high stage of the hydrograph (L2 T-1). 

wQ  water discharge averaged over the hydrograph (L3 T-1). 
qw water discharge per unit width of channel (L2 T-1). 

wq  water discharge per unit width of channel averaged over the hydrograph (L2 T-1). 
ˆwq  ratio of time varying water discharge to constant effective water discharge (1). 

Qwc effective water discharge, which yields a constant over the hydrograph bed surface 
slope for given constant sediment feed rate (L3 T-1). 

qwc effective water discharge per unit width of channel, which yields a constant over the 
hydrograph bed surface slope for given constant sediment feed rate (L2 T-1). 

qw0 constant water discharge per unit width of channel (L2 T-1). 
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q* dimensionless volume bedload transport per unit width of channel per unit time, or 
Einstein number (1). 

R submerged specific gravity of the sediment (1). 
S streamwise bed surface slope (1). 

Smodel streamwise bed surface slope of equilibrium obtained from numerical model (1). 
Sn dimensionless streamwise bed surface slope, scaled with respect to corresponding 

equilibrium value (1). 
Sobs streamwise bed surface slope measured during the experiments (1). 
Spg streamwise bed surface slope, as measured with point gauges (1). 
Sst streamwise bed surface slope, as measured with sonar-transducer system and 

averaged over the hydrograph (1). 
Sw streamwise water surface slope (1). 
sy standard deviation of bed elevation fluctuations (L). 

sy,2 standard deviation of bed elevation fluctuations for a window sample of 2-minute 
duration (L). 

S0 streamwise bed surface slope corresponding to mobile-bed equilibrium over 
hydrograph cycle (1). 

t time (T). 
t�  dimensionless time used for inner solution of the problem (1). 

Th duration of a full hydrograph cycle (T). 
Tm scale for the characteristic morphodynamic response time of the river reach (T). 
tn dimensionless time (1). 

tpeak duration of the rising limb of the hydrograph (T). 
ts1 time series 1 of bed elevation fluctuations recorded with sonar-transducer system, for 

the same streamwise position and flood event than ts2. 
ts2 time series 2 of bed elevation fluctuations recorded with sonar-transducer system, for 

the same streamwise position and flood event than ts1. 
U mean flow velocity (L T-1). 
u* shear velocity (L T-1). 
x streamwise coordinate (L). 
x�  dimensionless streamwise coordinate used for inner solution of the problem (1). 
xn dimensionless streamwise coordinate used for outer solution of the problem (1). 
xδ�  dimensionless boundary layer thickness (1). 

0x�  value of x�  well outside the boundary layer (1). 
αb fitting coefficient in bedload transport relation (1). 
αr fitting coefficient in flow resistance relation (1). 

χtol tolerance (1). 
δ length of the upstream boundary layer reach (L). 
ε dimensionless time ratio of the hydraulic and morphodynamic response times (1). 
η bed elevation (L). 
η�  dimensionless deviatoric bed elevation used for inner solution of the problem (1). 
ηd deviatoric bed elevation around the base equilibrium state (L). 

max,0η�  largest value of η�  at 0x =�  (1). 

ηn dimensionless deviatoric bed elevation used for outer solution of the problem (1). 
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η0 bed elevation for equilibrium over hydrograph cycle (L). 
λp porosity of the bed deposit (1). 
µ ratio of critical Shields number to Shields number for equilibrium over hydrograph 

cycle (1). 
ρ density of water (M L-3). 

ρs density of the sediment (M L-3). 
σg geometric standard deviation (1). 
τb bed shear stress (M L-1 T-2). 
τ* dimensionless bed shear stress, or Shields number (1). 
crτ ∗  critical Shields number (1). 

0τ ∗  dimensionless bed shear stress for equilibrium over hydrograph cycle (1). 
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Figure captions 
Figure 1 Sketch of sediment supply and flood hydrograph experimental conditions. 
Figure 2 Flood hydrograph shapes for three general scenarios of analysis. 
Figure 3 Sample measurements of equilibrium bed profile and time variation (see 

legend) of water surface profile for Flood 3-3. 
Figure 4 (a) Sample measurements of bed elevation fluctuations at 10 streamwise 

positions (see legend) for Flood 2-2; (b) Sample measurements of deviations 
from mean bed elevation at 2.00 m and 16.75 m downstream from the entrance 
weir (see legend) for Flood 2-2. 

Figure 5 Time series of dimensionless standard deviation of bed elevation fluctuations 
for window samples at 8 streamwise positions (see legend) for Flood 1-2. 

Figure 6 Time series of difference between window sample and population means at 
10 streamwise positions (see legend) for: (a) Flood 3-1; and (b) Flood 2-3. 

Figure 7 Time series of bedload transport rates at downstream end of flume facility for: 
(a) Flood 1-2; and (b) Flood 2-3. Measurement datasets (see legend) correspond 
to different hydrograph cycles. 

Figure 8 Sketch of hypothesized equilibrium morphodynamic response of a gravel-bed 
stream subject to constant sediment supply and a cycled flood hydrograph. 

Figure 9 Sample results of numerical model implementation for Flood 3-2: (a) time 
variation of dimensionless deviatoric bed elevation η�  during a hydrograph 
cycle as a function of dimensionless streamwise coordinate x� ; (b) close-up of 
Figure 9a within the limits of the inlet boundary layer reach. 

Figure 10 Comparison of predicted with numerical model versus measured in experiment 
equilibrium streamwise slope, for all 8 flood runs. 

Figure 11 Comparison of time variation of predicted with numerical model versus 
measured in experiment output bedload transport rate for: (a) Flood 3-1; and 
(b) Flood 2-2. 

Figure 12 Comparison of dimensionless bedload transport relations (66) and (67) as a 
function of dimensionless indicator of flow strength q� . 
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Table 1: Experimental flood hydrograph and sediment supply conditions. Notation 
includes Qlow = low flow of hydrograph; Qpeak = peak flow of hydrograph;  
tpeak = duration of rising limb of hydrograph; Th = total duration of flood 
hydrograph; and Qbf = sediment supply rate. 

Flood Qlow 
(m3 s-1) 

Qpeak 
(m3 s-1) 

tpeak 
(min) 

Th 
(min) 

Qbf 
(kg s-1) 

1-1 0.052 0.086 15.0 30.0 0.144 
1-2 0.052 0.086 30.0 60.0 0.144 
2-1 0.044 0.083 7.5 15.0 0.080 
2-2 0.044 0.083 7.5 30.0 0.080 
2-3 0.044 0.083 7.5 45.0 0.080 
3-1 0.044 0.065 15.0 30.0 0.080 
3-2 0.044 0.083 15.0 30.0 0.080 
3-3 0.044 0.102 15.0 30.0 0.080 
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Table 2: Summary results of flume experiments on bedload transport of uniform gravel 
subject to cycled flood hydrographs. Notation includes Spg = streamwise bed slope, 
as measured with point gauge; Sst = streamwise bed slope, as measured with 
sonar-transducer system; Sw = streamwise water surface slope; H = water depth; 
ts1 = time series 1; ts2 = time series 2; low = low flow stage of the hydrograph; 
and high = high flow stage of the hydrograph. 

Sst 
(%) 

Sw 
(%) 

H 
(m) 

Flood Spg 
(%) 

ts1 ts2 low high low high 

1-1 1.33 1.40 1.41 1.29 1.31 0.086 0.116 
1-2 1.40 1.32 1.33 1.41 1.43 0.080 0.109 
2-1 1.11 1.07 1.07 1.09 1.07 0.086 0.132 
2-2 1.04 1.03 1.03 1.06 1.07 0.092 0.135 
2-3 1.07 1.05 1.06 1.08 1.07 0.099 0.139 
3-1 1.20 1.17 1.18 1.24 1.26 0.090 0.112 
3-2 1.05 1.06 1.05 1.07 1.08 0.093 0.136 
3-3 0.98 0.89 0.90 0.99 0.96 0.103 0.162 
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Table 3: Percent of streamwise positions in which the time series of bed elevation can be 
considered statistically stationary at a significance level of 0.01, based on a 
double-sided test of window sample means. 

Flood Reach u/s 5.0 m Reach d/s 5.0 m 
1-1 73% 84% 
1-2 47% 85% 
2-1 63% 90% 
2-2 47% 85% 
2-3 20% 71% 
3-1 79% 92% 
3-2 40% 81% 
3-3 43% 71% 
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Table 4: Summary results of numerical model implementation for flood experimental 
conditions. Notation includes ε = dimensionless time ratio of the hydraulic and 
morphodynamic response times; Qwc = effective water discharge which yields 
constant streamwise bed slope downstream of the inlet boundary layer for given 
constant sediment feed rate; wQ  = water discharge averaged over the hydrograph; 
Smodel = mobile-bed equilibrium slope computed with the model; Sobs = mobile-
bed equilibrium slope measured during the experiments; and δ = length of the 
boundary layer reach. 

Flood ε Qwc 
(m3 s-1) 

wQ  
(m3 s-1) 

Smodel 
(%) 

Sobs 
(%) 

δ 
(m) 

1-1 0.0494 0.069 0.069 1.33 1.38 5.50 
1-2 0.0987 0.069 0.069 1.33 1.35 7.80 
2-1 0.0170 0.064 0.064 1.08 1.08 3.80 
2-2 0.0340 0.064 0.064 1.08 1.03 5.80 
2-3 0.0510 0.064 0.064 1.08 1.06 7.10 
3-1 0.0298 0.055 0.055 1.23 1.18 3.90 
3-2 0.0339 0.064 0.064 1.08 1.05 5.40 
3-3 0.0383 0.073 0.073 0.96 0.92 7.05 

 



Submitted to JGR - Earth Surface Wong and Parker (February, 2006) 

Bed evolution with hydrograph_for GaryParker Page 30 

Qw
Qbf

Qlow Qlow

Qpeak

ttpeak

Th  

Figure 1 
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Figure 2 



Submitted to JGR - Earth Surface Wong and Parker (February, 2006) 

Bed evolution with hydrograph_for GaryParker Page 32 

15.0

20.0

25.0

30.0

35.0

40.0

45.0

50.0

55.0

2.0 4.0 6.0 8.0 10.0 12.0 14.0 16.0 18.0 20.0

Streamwise location (m)

E
le

va
tio

n 
(c

m
)

Bed 0-min 3-min 6-min 9-min 12-min
15-min 18-min 21-min 24-min 27-min 30-min

Mean bed profile

Time variation of
water surface

 

Figure 3 
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Figure 4 
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